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Abstract
A dominating set D is a weakly connected dominating set of a connected graph G = (V ,E) if
(V ,E ∩ (D × V )) is connected. The weakly connected domination number of G, denoted wc(G),
is min{|S| |S is a weakly connected dominating set of G}. We characterize graphs G for which
(H) = wc(H) for every connected induced subgraph H of G, where  is the domination number
of a graph. We provide a constructive characterization of trees T for which (T ) = wc(T ). Lastly,
we constructively characterize the trees T in which every vertex belongs to some weakly connected
dominating set of cardinality wc(T ).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper G = (V ,E) will be an undirected graph. We begin by recalling
some standard deﬁnitions from domination theory. For any vertex v ∈ V , the open neigh-
borhood of v, denoted N(v), is {u ∈ V |uv ∈ E}. The closed neighborhood of v, denoted
N [v], is the set N(v) ∪ {v}. For S ⊆ V , the open neighborhood of S, denoted N(S), is⋃
v∈SN(v), while the closed neighborhood of S, denoted N [S], is
⋃
v∈SN [v].
A set D ⊆ V is a dominating set if N [D] = V , or, equivalently, if for every vertex
u ∈ V − D, there exists v ∈ D such that uv ∈ E. A set D ⊆ V is an independent set if no
two vertices of D are adjacent. The domination number of G, denoted (G), is min{|S| |S
is a dominating set of G}, while the independent domination number of G, denoted i(G), is
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min{|S| |S is an independent dominating set ofG}. The independence number of G, denoted
(G), is max{|S| |S is an independent set of G}.
From now on, G will be assumed to be connected, with S ⊆ V . Further, S is a connected
dominating set if S is dominating and 〈S〉, the subgraph induced by S, is connected. The
connected domination number of G, denoted c(G), is min{|S| |S is a connected dominating
set of G}. The subgraph weakly induced by S is the graph 〈S〉w = (N [S], E ∩ (S ×N [S])).
Notice that every edge in 〈S〉w has at least one of its endvertices in S. In general, 〈S〉w is
not the graph induced by the closed neighborhoods of vertices in S because some edges
joining two neighbors of a vertex in S may fail to be present. A set S is a weakly connected
dominating set of G if S is dominating and 〈S〉w is connected. The weakly connected
domination number of G, denoted wc(G), is min{|S| |S is a weakly connected dominating
set of G}. This concept was introduced and studied in [2]. Notice that every connected
dominating set is a weakly connected dominating set, which in turn is a dominating set.
Thus, (G)wc(G)c(G) for any connected graph G.
In [13] Zverovich deﬁnes a graph G to be a perfect connected dominant graph if (H)=
c(H) for each connected induced subgraph H of G. Perfect connected dominant graphs
are characterized in [13] as follows.
Theorem 1. A connected graph G is a perfect connected dominant graph if and only if G
contains neither an induced path P5 nor an induced cycle C5.
Let x and y be two types of domination parameters where x(G)y(G) for all graphs
G. We say that a graph G is a perfect x–y dominant graph if x(H) = y(H) for every
connected induced subgraph H of G. Perfect –c dominant graphs are precisely the per-
fect connected dominant graphs. In [12], a number of characterizations for perfect x–y
dominant graphs are presented for (x, y) equaling (, s), (s , is), (i, is) or (, is) (here s
(is , respectively) is the strong domination number (independent strong domination number,
respectively)). The perfect –i dominant graphs are characterized in [14], while perfect
clique, connected and domination dominant graphs are discussed in [5].
For any twographparameters and, a graphG is said to be a (, )-graph if(G)=(G).
Many authors have considered the problem of determiningwhen two related domination pa-
rameters of a graph are equal. These include the extensive studies initiated by Plummer [10]
(see [11] for a survey), and well-dominated graphs (i.e. (,)-graphs, where  denotes the
upper domination number), initiated by Finbow et al. [3]. Characterizations of (, )-trees
include (, i)-trees [1,6], trees with equal independent domination and restrained domina-
tion numbers, trees with equal independent domination and weak domination numbers [7]
and trees with equal domination and secure domination numbers [9].
Let P be a property deﬁned for a set X ⊆ V (G) and let (G) be a graph parameter
associated with P. The set X is called a -set if X has property P and |X| = (G). As
deﬁned in [4], a graph G is -excellent if each vertex of G is contained in some -set. The
-excellent trees are characterized in [9], while the i-excellent trees are characterized in [8].
We denote the set of leaves of a tree T by L(T ). For v ∈ V (T ) and  ∈ L(T ), the path
vx1 . . . xk is called a v−L path if deg xi =2 for each i. If the vertex v need not be speciﬁed,
a v − L path is also called an endpath. A vertex of T which is adjacent to a leaf is called a
support vertex.
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In this paper, we continue the study of weakly connected domination in graphs. Speciﬁ-
cally, we characterize the –wc dominant graphs, constructively characterize the (, wc)-
trees and constructively characterize the wc-excellent trees.
2. A characterization of the perfect weakly connected dominant graphs
In this section we will characterize the –wc dominant graphs which will also be referred
to as the perfect weakly connected dominant graphs. In order to state this characterization
we will need the following deﬁnition. A kite, denoted K , is a graph obtained from the cycle
C4 and the path P2 by joining one vertex of the path to one vertex of the cycle with an edge.
Theorem 2. A connected graph G is a perfect weakly connected dominant graph if and
only if G contains neither an induced path P6, an induced cycle C6 nor an induced kite.
Proof. Necessity is clear, since (P6) = (C6) = (K) = 2 and wc(P6) = wc(C6) = wc
(K) = 3.
To prove sufﬁciency, suppose G is a connected graph with (G)< wc(G) containing no
induced P6, C6 or K . Among all dominating sets of cardinality (G), let D be a dominating
set such that 〈D〉w contains the fewest number of components. Let M1 and M2 be compo-
nents of 〈D〉w such that dG(M1,M2) := min{dG(u, v) |u ∈ M1, v ∈ M2} is as small as
possible. Since G is connected and D is a dominating set, dG(M1,M2)=1. Let x ∈ V (M1)
and y ∈ V (M2) such that dG(x, y) = 1. Notice that neither x nor y is in D. Hence, x is
adjacent to a vertex u ∈ D ∩ V (M1) and y is adjacent to a vertex v ∈ D ∩ V (M2). Notice
that u and v are neither adjacent nor do they have a common neighbor.
If for every vertex w ∈ N(u), we have w ∈ N({x, y}) and for every vertex z ∈ N(v),
we have z ∈ N({x, y}), then for the dominating set D′ = (D − {u, v}) ∪ {x, y} we have
c(〈D′〉w)< c(〈D〉w) (as x and y are adjacent in 〈D′〉w, the number of components of 〈D′〉w
is smaller than the number of components of 〈D〉w). Thus, without loss of generality, there
exist w ∈ N(u) such that w /∈N({x, y}). Moreover, there exists a vertex z ∈ N(v) − N [y]
for otherwise D′ = D − {v} ∪ {y} is a dominating set with c(〈D′〉w)< c(〈D〉w).
If xz,wz /∈E, then 〈{u, v,w, x, y, z}〉P6. If xz ∈ E and wz /∈E, then 〈{u, v,w,
x, y, z}〉K . If xz /∈E and wz ∈ E, then 〈{u, v,w, x, y, z}〉C6. Since these are for-
bidden as induced subgraphs, we conclude that xz,wz ∈ E.
Suppose there is a vertex t ∈ N(u) − N [{x, z}]. If t is not adjacent to y, then 〈{t, u, v,
x, y, z}〉K , which is a contradiction. Thus, ty ∈ E. If t is not adjacent to w, then
〈{t, u, v,w, y, z}〉C6, which is a contradiction. Thus, tw ∈ E.
We will now show that D′ = (D − {u, v}) ∪ {x, z} is a dominating set:
If for every vertex s ∈ N({u, v}), we have s ∈ N [{w, y}], then for the dominating set
D′ = (D − {u, v}) ∪ {w, y} we have c(〈D′〉w)< c(〈D〉w) (as t is adjacent to both w and
y), which is a contradiction. This means that there is a vertex s ∈ N({u, v}) − N [{w, y}].
If s is adjacent to u, then 〈{s, u, v,w, y, z}〉 is isomorphic to either P6 or K , which is a
contradiction. If s is adjacent to v, then 〈{s, u, v,w, x, y}〉 is isomorphic to either P6 or K ,
which is a contradiction.
Hence, every vertex t ∈ N(u) must be adjacent to either x or z.
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Suppose there is a vertex t ∈ N(v)−N [{x, z}]. If t is not adjacent tow, then 〈{t, u, v,w,
x, z}〉K , which is a contradiction. Thus, tw ∈ E. If t is not adjacent to y, then 〈{t, u, v,w,
x, y}〉C6, which is a contradiction. Thus, ty ∈ E.
If for every vertex s ∈ N({u, v}), we have s ∈ N [{w, y}], then for the dominating set
D′ = (D − {u, v}) ∪ {w, y} we have c(〈D′〉w)< c(〈D〉w) (as t is adjacent to both w and
y), which is a contradiction. This means that there is a vertex s ∈ N({u, v}) − N [{w, y}].
If s is adjacent to u, then 〈{s, u, v,w, y, z}〉 is isomorphic to either P6 or K , which is a
contradiction. If s is adjacent to v, then 〈{s, u, v,w, x, y}〉 is isomorphic to either P6 or K ,
which is a contradiction.
Hence, every vertex t ∈ N({u, v}) must be adjacent to either x or z.
This means that D′ = (D −{u, v})∪ {x, z} is a dominating set with c(〈D′〉w)< c(〈D〉w)
(as x and z are adjacent).
This ﬁnal contradiction establishes our result. 
The following result is a direct consequence of Theorem 1.
Corollary 3. A graph G is a perfect wc − c dominant graph if and only if G contains
neither an induced path P5 nor an induced cycle C5.
This result shows that every perfect wc − c dominant graph is also both a perfect
connected dominant graph and a perfectweakly connected dominant graph. For these graphs
(G) = wc(G) = c(G). We note that there are graphs for which exactly one of the three
parameters differs from the other two as well as graphs where all three parameters are
different. For example, the kite graph has (K) = 2 and wc(K) = c(K) = 3, the path P5
has (P5) = wc(P5) = 2 and c(P5) = 3, and the path P6 has (P6) = 2, wc(P6) = 3 and
c(P6) = 4.
3. Trees with equal domination and weakly connected domination numbers
We now turn our attention to characterizing trees with equal domination and weakly
connected domination numbers, the (, wc)-trees. Since a weakly connected domination
is, in the ﬁrst instance, a dominating set, (G) = wc(G) if and only if G has a -set which
is also a wc-set if and only if G has a -set D such that for each u ∈ D, there exists a vertex
v ∈ D − {u} such that d(u, v)2. The characterization below shows that long paths of a
certain type lie at the heart of the difference between the domination and weakly connected
domination numbers in trees. In order to state the characterization, we deﬁne seven simple
operations on a tree T .
O1. Join a support vertex of T to a vertex of P2.
O2. Join a vertex v which lies on an endpath vxz to a vertex of P2.
O3. Join a support vertex of T to a vertex of K1.
O4. Join a vertex v which lies on an endpath vx1x2z to a leaf of P3.
O5. Join a support vertex of T to a leaf of P3.
O6. Join a vertex v which lies on an endpath vx1x2x3z to a vertex of P2.
O7. Join a support vertex of T to a leaf of P5.
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Let T be the class of all trees obtained from P2 by a ﬁnite sequence of Operations
O1–O7.
We will show that T is a (, wc)-tree if and only if T ∈ {K1} ∪T.
Observation. Note that if T is a tree of order at least 3 and D is a (G)-set (wc(T )-set,
respectively) containing as few leaves as possible, then D ∩L=∅ and every support vertex
of T is in D.
Lemma 4. If T ′ is a tree, v ∈ V (T ′) and T is obtained from T ′ by adding the path vyz′ to
T ′, then wc(T ) = wc(T ′) + 1.
Proof. Suppose D′ is a wc(T ′)-set. Then either v or a vertex adjacent to v in T ′ is in D′,
and so D′ ∪ {y} is a weakly connected dominating set of T . Thus, wc(T )wc(T ′) + 1.
Now suppose D is a wc(T )-set such that D ∩ L(T ) = ∅. Then, y ∈ D, while z′ /∈D. If
v /∈D, then since 〈D〉w is connected, v is weakly connected dominated by some vertex in
D ∩ V (T ′) = D − {y}, which implies that D − {y} is a weakly connected dominating set
of T ′. If v ∈ D, then D − {y} is certainly a weakly connected dominating set of T ′. Thus,
wc(T
′) |D| − 1 = wc(T ) − 1.
We conclude that wc(T ) = wc(T ′) + 1. 
Lemma 5. Consider the vertex v of the tree T and its subtree T ′.
1. If v lies on the endpath vz or the endpath vxz and T is obtained by adding the path vyz′
to T ′, then T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
2. If v lies on the endpath vz and T is obtained by adding the path vz′ to T ′, then T ′ is a
(, wc)-tree if and only if T is a (, wc)-tree.
3. If v lies on the endpath vx1x2z and T is obtained by adding the path vy1y2z′ to T ′, then
T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
4. If v lies on the endpath vz and T is obtained by adding the path vy1y2z′ to T ′, then T ′
is a (, wc)-tree if and only if T is a (, wc)-tree.
5. If v lies on the endpath vx1x2x3z and T is obtained by adding the path vyz′ to T ′, then
T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
6. If v lies on the endpath vz and T is obtained by adding the path vy1y2y3y4z′ to T ′, then
T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
Proof. Let L = L(T ) and let L′ = L′(T ′). If T ′ = K2, then clearly T ′ is a (, wc)-tree
and it is straightforward to check that for v ∈ V (T ′) adding the path vyz′, vz′ or vy1y2z′
produces a (, wc)-tree. So we now suppose n(T ′)3.
1. Let D′ be a (T ′)-set for T ′ for which D′ ∩ L′ = ∅. Then D′ ∪ {y} is a dominating set
of T , so (T )(T ′) + 1. Now let D be a (T )-set for T such that D ∩ L = ∅. Since
{v, x} ∩ D 	= ∅, the set D − {y} is a dominating set of T ′, so (T ′)(T ) − 1. Thus,
(T ) = (T ′) + 1. By Lemma 4, wc(T ) = wc(T ′) + 1.
Therefore, T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
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2. Let D′ be a (T ′)-set (wc(T ′)-set, respectively) of T ′ for which D′ ∩ L′ = ∅. Then
v ∈ D′, and is also a dominating set (weakly connected dominating set, respectively)
of T . Thus, (T )(T ′) (wc(T )wc(T ′), respectively).
Similarly, suppose D is a (T )-set (wc(T )-set, respectively) of T for which D′ ∩
L′ = ∅. Then v ∈ D, and D is also a dominating (weakly connected dominating set,
respectively) of T ′. Thus, (T ′)(T ) (wc(T ′)wc(T ), respectively). Hence (T ′)=
(T ) (wc(T ′) = wc(T ), respectively).
Therefore, T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
3. Let D′ be a wc(T ′)-set of T ′ for which D′ ∩ L′ = ∅. If v /∈D′, then x1 ∈ D′ and
D′ −{x1}∪{v} is a wc(T ′)-set containing v. We may therefore assume that v ∈ D′. But
then D′ ∪ {y2} is a weakly connected dominating set of T , so that wc(T )wc(T ′)+1.
Now let D be a wc(T )-set of T for which D ∩ L = ∅. If v /∈D, then since 〈D〉w is
connected, {x1, y1} ⊆ D. But thenD′−{x1, y1}∪{v} is a weakly connected dominating
set of cardinality wc(T ′) − 1, which is a contradiction. Thus, v ∈ D, and soD − {y2}
is a weakly connected dominating set of T ′. Hence, wc(T ′)wc(T ) − 1, so that
wc(T ) = wc(T ′) + 1.
Let D′ be a (T ′)-set for T ′ for which D′ ∩ L′ = ∅. Then D′ ∪ {y2} is a dominating
set of T , so (T )(T ′) + 1. Now let D be a (T )-set for T such that D ∩ L = ∅. If
y1 ∈ D, then v /∈D, and D − {y1} ∪ {v} is a (T )-set not containing y1. So, suppose
also y1 /∈D. This implies that v is dominated by a vertex in D ∩V (T ), and so D −{y2}
dominates T ′, whence (T ′)(T ) − 1. Hence, (T ) = (T ′) + 1.
Therefore, T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
4. Suppose D′ is a (T ′)-set (wc(T ′)-set, respectively) of T ′ for which D′ ∩ L′ = ∅.
Then the set D′ ∪ {y2} is a dominating set (weakly connected dominating set,
respectively) of T , so that (T )(T ′) + 1 (wc(T )wc(T ′) + 1, respectively).
Now suppose D is a (T ′)-set (wc(T ′)-set, respectively) of T such that
D ∩ L = ∅. Then v, y2 ∈ D and z′, y1 /∈D, so that D − {y2} is a dominating set
(weakly connected dominating set, respectively) of T ′, whence (T ′)(T ) −
1 (wc(T ′)wc(T )− 1, respectively). Hence (T )= (T ′)+ 1 (wc(T )= wc(T ′)+ 1,
respectively).
Therefore, T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
5. Suppose D′ is a (T ′)-set of T ′ for which D′ ∩ L′ = ∅. Then the set D′ ∪ {y} is a
dominating set of T , so that (T )(T ′) + 1.
Now suppose D is a (T ′)-set of T such that D ∩ L = ∅. If v /∈D, then, in order to
dominate x1, D′ ∩ {x1, x2} 	= ∅, say u ∈ D′ ∩ {x1, x2}. But then D′ − {u} ∪ {v} is a
(T )-set containing v. So, without loss of generality, we may assume v ∈ D. But then
D − {y} is a dominating set of T ′, whence (T ′)(T ) − 1. Hence (T ) = (T ′) + 1.
By Lemma 4, wc(T ) = wc(T ′) + 1. Therefore, T ′ is a (, wc)-tree if and only if T is
a (, wc)-tree. 
6. Suppose D′ is a (T ′)-set (wc(T ′)-set, respectively) of T ′ for which D′ ∩ L′ = ∅.
Then the set D′ ∪ {y2, y4} is a dominating set (weakly connected dominating set, re-
spectively) of T , so that (T )(T ′) + 2 (wc(T )wc(T ′) + 2, respectively). Now
suppose D is a (T ′)-set (wc(T ′)-set, respectively) of T such that D ∩ L = ∅. Then
v ∈ D and |{y1, y2, y3, y4} ∩ D| = 2 so that D − {y1, y2, y3, y4} is a dominating
set (weakly connected dominating set, respectively) of T ′, whence (T ′)(T ) − 2
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(wc(T ′)wc(T ) − 2, respectively). Hence (T ) = (T ′) + 2 (wc(T ) = wc(T ′) + 2,
respectively).
Therefore, T ′ is a (, wc)-tree if and only if T is a (, wc)-tree.
We are now in a position to prove the main result of this section.
Theorem 6. T is a (, wc)-tree if and only if T ∈ {K1} ∪T.
Proof. Suppose T ∈T and T 	= K1. We show that T is a (, wc)-tree. To do this, we use
induction on s(T ), the number of operations required to construct the tree T . If s(T ) = 0,
then T = P2, which is a (, wc)-tree. Assume, then, for all trees T ′ ∈ T with s(T ′)< k,
where k1 is an integer, that T ′ is a (, wc)-tree. Let T ∈ T be a tree with s(T ) = k.
Then T is obtained from some tree T ′ by one of the operations O1–O7. But then T ′ ∈ T
and s(T ′)< k (cf. Lemma 5). Applying the inductive hypothesis to T ′, T ′ is a (, wc)-tree.
Hence, by Lemma 5, T is a (, wc)-tree.
To show that T ∈T for a nontrivial (, wc)-tree T , we use induction on n, the order of
the tree T . If n = 2, then T = P2 ∈T. Let T be a (, wc)-tree of order n3, and assume
for all (, wc)-trees T ′ of order 2n′ <n, that T ′ ∈T. Since n(T )3, diam(T )2.
If diam(T ) = 2, then T is a star with at least two leaves, which can be constructed from
P2 by repeatingly applying Operation O3. Thus, T ∈T.
Thus, assume diam(T )3, and let T be rooted at an endvertex r of a longest path.
Suppose a vertex v is adjacent to two leaves, say z and z′. Then T ′ = T − z′ is a (, wc)-
tree (cf. Lemma 5), and by the inductive hypothesis, T ′ ∈T. Since T can be obtained from
T ′ by Operation O3 (cf. Lemma 5), T ∈ T. Thus, we assume that each vertex is adjacent
to at most one leaf.
Although we do not state the use of Lemma 5 explicitly, we will use it repeatedly in the
remainder of this proof. In what follows all endpaths starting at v, except when otherwise
noted, will be in T (v), the subtree rooted at v.
Let v be any vertex on a longest path at distance diam(T )−2 from r . If deg(v)3, then,
since each remote vertex is adjacent to exactly one leaf, v lies on the endpath vz or vxz,
as well as the endpath vyz′. Then T ′ = T − y − z′ is a (, wc)-tree, and by the inductive
hypothesis, T ′ ∈T. Since T can be obtained from T ′ by either Operation O1 or Operation
O2, T ∈T.
Thus, we assume each vertex on a longest path at distance diam(T ) − 2 or diam(T ) − 1
from r has degree two.
Let v be any vertex on a longest path at distance diam(T ) − 3 from r . If v = r , then
TP4, which can be constructed from P2 by applying Operation O1 once, whence T ∈T.
Thus, assume v 	= r , which implies diam(T )4. Suppose deg(v)3.
Let vy1y2z′ be an endpath of T . If v is adjacent to a leaf z (where z could possibly be the
parent of v), then T ′ = T − y1 − y2 − z′ is a (, wc)-tree, and by the inductive hypothesis,
T ′ ∈T. Since T can be obtained from T ′ by Operation O5, T ∈T. We now assume that
all neighbors of v have degree at least 2. Suppose v also lies on the path vxz, where z is
a leaf. Then, since each remote vertex is adjacent to exactly one leaf, vxz is an endpath.
Let D be a wc(T )-set of T such that D ∩ V (L) = ∅. If v /∈D, then all neighbors of v are
in D. Since x dominates v, and {y1, y2} ⊆ D, D − {y1} is a dominating set of T , whence
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(T )wc(T )− 1= (T )− 1, which is a contradiction. Thus, v ∈ D. Since each neighbor
u of v is either in D or adjacent to a vertex in D − {v} and v is adjacent to x ∈ D, the
set D − {v} is a dominating set of T , and so (T )wc(T ) − 1 = (T ) − 1, which is a
contradiction. Thus, v lies on the path vx1x2z. Since x1 (x2, respectively) is on a longest
path at distance diam(T ) − 2 (diam(T ) − 1, respectively) from r , we have deg(x1) = 2
(deg(x2)=2, respectively). This implies that vx1x2z is an endpath. ThenT ′=T −y1−y2−z′
is a (, wc)-tree, and by the inductive hypothesis, T ′ ∈ T. Since T can be obtained from
T ′ by Operation O4, T ∈T.
Thus, we assume each vertex on a longest path at distance diam(T )−3 from r has degree
two.
Let v be any vertex on a longest vertex at distance diam(T ) − 4 from r . If v = r , then
TP5, which can be constructed from P2 by applying Operation O5 once, whence T ∈T.
Thus, assume v 	= r , which implies diam(T )5.
Suppose deg(v)3. Let vy1y2y3z′ be an endpath of T . Let D be a wc(T )-set of T
such that D ∩ V (L) = ∅. Assume v ∈ D. Then |{y1, y2} ∩ D| = 1, and D − {y1, y2} is
a dominating set of cardinality wc(T ) − 1 = (T ) − 1, which is a contradiction. Thus,
assume v /∈D, which means that v is not adjacent to a leaf of T . Now suppose v also lies
on the path vxz, where z is a leaf. Then, since each remote vertex is adjacent to exactly
one leaf, vxz is an endpath. Then T ′ = T − x − z is a (, wc)-tree, and by the inductive
hypothesis, T ′ ∈ T. Since T can be obtained from T ′ by Operation O6, T ∈ T. We now
suppose v lies on the path vx1x2z, where z is a leaf. Then, since x2 is a remote vertex, we
have deg(x2) = 2. Moreover, if deg(x1)3, then, since each vertex on a longest path at
distance diam(T )−3 from r has degree two, x1 is either adjacent to a leaf z′′ or, since every
remote vertex has degree two, lies on another endpath vx1uz′′. Then T ′ = T − x2 − z is a
(, wc)-tree, and by the inductive hypothesis, T ′ ∈T. Since T can be obtained from T ′ by
either Operation O1 or Operation O2, T ∈T. Thus, assume v also lies on the longest path
r . . . vx1x2x3z. Then deg(xi) = 2, by our assumptions of vertices which lie on a longest
path. Since v /∈D, all neighbors of v must be contained in D. In particular, {x1, y1} ⊆ D.
But then D−{x1, y1}∪ {v} is a dominating set of cardinality wc(T )−1= (T )−1, which
is a contradiction.
Thus, we assume each vertex on a longest path at distance diam(T )−4 from r has degree
two.
Let v be any vertex on a longest vertex at distance diam(T )− 5 from r . Let vy1y2y3y4z′
be an endpath of T . SinceP6 is not a (, wc)-tree, v 	= r . Thus, diam(T )6. If v is adjacent
to a leaf z (where z could possibly be the parent of v), then T ′=T −y1−y2−y3−y4−z′ is a
(, wc)-tree, and by the inductive hypothesis, T ′ ∈T. Since T can be obtained from T ′ by
Operation O7, T ∈T. We now assume that all neighbors of v have degree at least 2. Let D
be a wc(T )-set of T such that D ∩V (L)=∅. Assume v ∈ D. Then each neighbor u of v is
either in D or adjacent to a vertex in D−{v}. If y1 ∈ D, then D−{v} is a dominating set of
cardinality wc(T )−1=(T )−1, which is a contradiction. Thus, y1 /∈D, which implies that
y2 ∈ D. But thenD−{v, y2}∪{y1} is a dominating set of cardinality wc(T )−1=(T )−1,
which is a contradiction. Thus, v /∈D. But then N(v) ⊆ D, and |D ∩ {y2, y3}| = 1. It now
follows thatD−{y1, y2, y3}∪{y2} is a dominating set of cardinality wc(T )−1=(T )−1.
This ﬁnal contradiction completes the proof. 
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Theorem 7. For all trees T, wc(T ) = c(T ) if and only if every vertex in T is either a leaf
or a support vertex.
Proof. Let wc(T ) = c(T ), and let D be a c(T )-set. Suppose, to the contrary, that v is
neither a remote vertex nor a leaf. Then v and all its neighbors are in D, so that D − {v} is
a weakly connected dominating set of T . Thus, wc(T ) |D| − 1 = c(T ) − 1, which is a
contradiction. We conclude that every vertex in T is either a leaf or a support vertex.
Now suppose every vertex in T is either a leaf or a support vertex, and let D be a wc(T )-
set such that D ∩L(T )= ∅. Then D is exactly the set of support vertices of T , and since T
is connected, it follows that D is a connected dominating set of T . Thus, c(T )wc(T ),
and so c(T ) = wc(T ). 
A similar proof establishes the following result
Theorem 8. For all trees T, (T ) = c(T ) if and only if every vertex in T is either a leaf or
a support vertex.
4. wc-excellent trees
Our aim in this section is to constructively characterize the wc-excellent trees. We also
present a characterization of the wc-excellent trees in terms of the independence number
(G).
LetE be the class of trees obtained fromP2 by aﬁnite sequence of the following operation:
attach to any vertex a P2.
Theorem 9. A nontrivial tree T is wc-excellent if and only if T ∈ E.
Proof. We ﬁrst establish the following claim.
Claim 1. Suppose T ′ is a nontrivial tree, v ∈ V (T ′) and T is obtained from T ′ by adding
the path vxz to T ′. Then T ′ is wc-excellent if and only if T is wc-excellent.
Proof. Suppose T ′ is wc-excellent. Let u ∈ V (T ). First suppose u ∈ {x, z}. Since T ′
is wc-excellent, let D′ be a wc(T ′)-set containing v. Lemma 4 shows that D′ ∪ {u} is a
wc(T
′)-set containing u, as required. Now suppose u /∈ {x, z}, and let D′ be a wc(T ′)-set
containingu. Then, since v ∈ D′ or adjacent to a vertex inD′,D′∪{x} is aweakly connected
dominating set of T of cardinality wc(T ) (cf. Lemma 4) containing u, as required. We
conclude that T is wc-excellent.
For the converse, suppose T is wc-excellent. Let u ∈ V (T ′) and suppose D is a wc(T )-
set containing u. If v /∈D, then v is adjacent to some vertex in D ∩V (T ′), while x ∈ D and
z /∈D, and it follows that D −{x} is a weakly connected dominating set of T ′ containing u.
Clearly, if v ∈ D, then |D∩{x, z}|=1 andD−{x, z} is aweakly connected dominating set of
T ′ containing u. By Lemma 4, D−{x} is a weakly connected dominating set of cardinality
wc(T ) − 1 = wc(T ′) containing u, as required. We conclude that T ′ is wc-excellent. 
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Since P2 is wc-excellent, the sufﬁciency follows from Claim 1 (by a similar argument
to the one we used in the ﬁrst paragraph of the proof of Theorem 6).
Conversely, let T be a nontrivial wc-excellent tree. If diam(T ) = 1, then TP2,
a wc-excellent tree, with T ∈ T. If diam(T ) = 2, then T is a star with at least two
leaves, which is not a wc-excellent tree. Thus, assume diam(T )= 3, and let T be rooted at
an endvertex r of a longest path. Let v be at distance diam(T )− 2 from r on a longest path
starting at r , and let x be the child of v on this path, with z a leaf adjacent to x on this path.
Claim 2. deg(x) = 2.
Proof. Suppose deg(x)3, and let z′ be one of the other leaves adjacent to x. Since T is
wc-excellent, let D be a wc-set containing z′. Then x /∈D, since otherwise D − {z′} is a
weakly connected dominating set of cardinality wc(T )−1, which is a contradiction. Since
x /∈D, z ∈ D. But thenD−{z, z′}∪{x} is a weakly connected dominating set of cardinality
wc(T ) − 1, which is a contradiction. Thus, deg(u) = 2. 
Let T ′ =T −x−z. By Claim 1, T ′ is a wc-excellent tree. Proceeding inductively, noting
that n(T ′)2, we may assume T ′ ∈ E. Since T is obtainable from T ′ by attaching a P2 to
v, it follows that T ′ ∈ E, as required. 
The following result appears in [2].
Theorem 10. If T is a nontrivial tree of order n then wc(T ) = n − (T ).
We now present a characterization of wc-excellent trees in terms of the independence
number.
Theorem 11. A nontrivial tree T is wc-excellent if and only if (T ) = n/2.
Proof. Let n = |V (T )|. It is straightforward to check that each wc-excellent tree T with
n4 has (T ) = n/2. So let T be a wc-excellent tree with n5 and suppose for all T ′
with n(T ′)<n(T ), if T ′ is a wc-excellent tree, then (T ′) = n(T ′)/2. Root T at a leaf r
and let z ∈ L be such that d(r, z) = diam(T ) and let x = N(z). Since T is a wc-excellent
tree, no vertex of T is adjacent to more than one leaf, so that deg(x) = 2. Consider the
tree T ′ = T − x − z. By Lemma 4, wc(T ) = wc(T ′) + 1. Let u ∈ V (T ′). Then T has
a wc(T )-set D containing u. Now |D ∩ {x, z}| = 1 and the set D − {x, z} is a weakly
connected dominating set for T ′ of order wc(T ) − 1 = wc(T ′). Thus, T ′ is wc-excellent
and (T ′) = n(T ′)/2 = (n − 2)/2.
Claim. (T ) = (T ′) + 1.
Proof. Let S be a (T )-set for T . Then |S∩{x, z}|=1. The set S−{x, z} is an independent
set in T ′, so (T ′)(T ) − 1. Now suppose S′ is a (T ′)-set for T ′. The set S′ ∪ {z} is an
independent set of T , so that (T )(T ′) + 1. Therefore (T ) = (T ′) + 1. 
Therefore, (T ) = (T ′) + 1 = n(T ′)/2 + 1 = (n − 2)/2 + 1 = n/2.
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Now suppose that T is a tree for which (T )=n/2. Then, by Theorem 10, wc(T )=n/2.
Each partite set in the bipartition of T has order at most (T ), implying that each partite
set of T has order n/2. Since each partite set is a weakly connected dominating set of order
n/2, every vertex of T is in some wc-set and therefore T is wc-excellent. 
We remark that a nontrivial tree T is c-excellent if and only if TP2.
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